A functional differential equation in Hilbert space with initial data on [−h, 0] is considered. An unbounded operator A and a square integrable weight function are acting in the distributed delay term. For a not necessarily continuous weight function the norm continuity of the associated solution semigroup is established at every t > h. In the case that the spectrum of A is real and negative, the asymptotic stability of the solution is obtained.
Introduction
The subject of this paper is to consider the stability properties for the functional differential equation (FDE) of the form u (t) = Au(t) + As known, for any φ ∈ Z there exists a solution u = u(t) which satisfies Eq. (1.1) for a.e. t ∈ [0, T ]; see, e.g., [1] . This enables us first to define the solution semigroup T (t) in the product space Z and consequently to consider the stability of the solution u(t) of (1.1) by studying the asymptotic behaviour of the solution semigroup T (t) in Z. By the strong continuity of the semigroup T (t) (for the proof see, e.g., [1] ) there exist real constants M and ω such that
T (t)
Me ωt , t 0.
(1.2)
Let Λ be the infinitesimal generator of the solution semigroup T (t) in Z and σ (Λ) its spectrum. Then the general theory on strongly continuous semigroups provides us with the following result:
The opposite inclusion is in general not true. However, when the semigroup T (t) is norm continuous (i.e., it is continuous in the uniform operator topology) for t t 0 > 0, then the following inclusion is valid as well:
σ (T (t))
⊆ e λt ; λ ∈ σ (Λ) ∪ {0}, t >0; (1.4) see, e.g., [2, Theorem IV.3.10] . In that case it holds sup Re λ: λ ∈ σ (Λ) 5) and the study of the asymptotic behaviour of the semigroup T (t) can be made through the location of the spectrum of Λ; see, e.g., [2, Corollary IV.3.11].
There are various conditions on the semigroup such that T (t) is norm continuous for t t 0 and (1.5) holds. For instance, Di Blasio et al. [3] have proved that when the weight function a(.) appearing in the distributed delay term of (1.1) belongs to W 1,2 (−h, 0; C), then the associated solution semigroup T (t) is a differentiable semigroup for t > h and thus (1.5) is fulfilled. In [4] Jeong has shown: when a(.) is Hölder continuous, then the solution semigroup T (t) is norm Hölder continuous for t > 3h.
The objective of this paper is to establish norm continuity for t t 0 also for the case when the weight function a(.) is not necessarily continuous. In Section 3 we prove the following result: when a(.) is a measurable square integrable complex function (a ∈ L 2 (−h, 0; C)), then the solution semigroup is norm continuous for t > h. In Section 4 we use the norm continuity of the solution semigroup and consider the stability of the solution u(.) of Eq. (1.1), when a(.) is a real function. By known results this can be done by studying the characteristic equation of a given functional differential equation; see, e.g., Hale [5] and Travis and Webb [6] . We will study solutions of the characteristic equation of (1.1) and prove stability of u(.) for the case where the infinitesimal generator A has real point spectrum such that σ P (A) = σ (A) ⊆ (−∞, −α 0 ] for some α 0 > 0. 
Notation

Solution semigroup
Let A be the infinitesimal generator of a bounded analytic semigroup {S(t); t 0} on X with 0 in the resolvent set. Hence there exist constants M 0 and M 1 such that
In order to obtain the results on the solution of the functional differential equation (1.1) one usually studies the equivalent integral equation
The equation shows that convolution type of integrals have to be considered. Let us define the convolution of S(t) and arbitrary f ∈ L 2 (0, T ; X):
for 0 t T . By Theorem 3.2 in [7] the following relations hold:
with constant k 0 depending on M 2 and T . The property (2.5) is also called maximal regularity.
In order to obtain the well-posedness of the initial value problem (1.1) one cannot simply take (φ 0 , φ 1 ) ∈ X × L 2 (−h, 0; X) as an initial value; see, e.g., [8] . In [9] it was proved that the appropriate choice is to take the initial value from the
where F is the Lions real interpolation space between D(A) and X given by
and norm
Moreover, there is a continuous embedding
so that there is a constant c 0 such that
; see, e.g., [1, 7] . Throughout the paper we will assume a(.) to be a measurable square integrable function:
By assuming (2.10) the existence of solution of FDE (1.1) has been proved in [1] . More precisely, the following result was obtained: For an arbitrary initial 
for every φ ∈ Z and u t given by u t (s) = u(t + s), s ∈ [−h, 0]. As noted, this semigroup is strongly continuous in Z; see, e.g., [1] . In the next section we will show that this semigroup is in fact norm continuous for t > h.
Norm continuity
In this section we consider the continuity of the solution semigroup T (t) for t > h in the uniform operator topology. Actually we can prove that the solution semigroup of FDE (1.1) 
) is continuous in the uniform operator topology at every t > h.
The proof will be given in several steps. In order to prove the norm continuity of T (t) for t > h, we will consider the operator norm continuity of each of the two components of T (t) separately. Therefore we introduce two families of operators: {U(t); t 0} from the space Z to the space F and {U t ; t 0} from the space Z to the space
First we will consider the norm continuity in t of the second component:
Proposition 1. The one parameter family of operators {U
) be the solution of Eq. (1.1) and 0 < h < τ 0 τ τ T . Then we have
Denoting τ − τ = ∆, t = τ + r and t 0 = τ 0 − h we furthermore get
Remark 1. The shift operator is continuous in L 2 topology, however we have to show more. We will show that for any ε > 0 the estimate
holds for every φ ∈ Z and τ − τ sufficiently small.
In order to estimate the last integral (3.4) we first rewrite the integral term of Eq. (2.3). Let us denote
where
We write the difference of v(t) as the sum of two integrals:
Furthermore, by denoting v 1 (t) = S(t + ∆)φ 0 − S(t)φ 0 we get the following sum:
We will now estimate each of the terms separately:
Estimate 1. Let t 0 > 0 and ε 1 > 0 be arbitrary fixed numbers. By assumption A is the infinitesimal generator of an analytic semigroup S(t) and φ 0 ∈ F . Hence we have
By integrating (2.2) and by using relations S (t) = AS(t) and φ 0 ∈ F we get
when ∆ is sufficiently small. Thus we have obtained the estimate for the first term of (3.8):
Estimate 2. In order to get the estimate of v 2 (t) we state an intermediate result as Lemma 1:
) and a ∈ L 2 (−h, 0; C). Then for the function f defined by (3.6) the following estimate holds:
The proof of lemma will be given in Appendix A. We note that A is a closed operator. Thus by [10, Theorem 3.7 .12] the following equation holds:
By assumption (2.2) we have
Hence for t t 0
By the Hölder inequality then it follows
Integrating inequality (3.12) we get
where k is a constant dependent on t 0 . By using the initial condition u = φ 1 on [−h, 0) and the estimate (2.11) we conclude:
for any ε 2 > 0 and ∆ sufficiently small.
Estimate 3.
Let us consider the third term of (3.8):
In order to get the estimate of the right-hand side we rewrite the integral for f (s): 
Let us define
By using the known estimates on the convolution of L 1 and L 2 functions, we obtain the following inequality:
By the continuity of the shift operator in L 1 we have
for any ε b > 0 and ∆ sufficiently small. Thus by (2.11) from (3.21) it follows that
for any ε a > 0 and ∆ sufficiently small. The inequalities (3.17) and (3.23) then imply
for ε 3 = k 0 ε a . Therefore the third estimate is obtained. Hence, by combining estimates (3.9), (3.15) and (3.24) we may conclude that for any ε > 0 the inequality
holds, when ∆ is sufficiently small. By relations (3.3), (3.4) and (3.25) then it follows
for every pair τ, τ t 0 such that τ − τ = ∆ is sufficiently small. This shows that the family of operators {U t ; t 0} from Z to L 2 (−h, 0; D(A)) is norm continuous uniformly in t ∈ [t 0 , T ] as stated by Proposition 1. ✷ The next objective is to consider the norm continuity of the first component of T (t)φ defined by (3.2).
Proposition 2. The one parameter family of operators {U(t); t 0} from Z to F is in operator norm t-continuous for t > h.
Proof. We will proceed in two steps. The first objective is to give the estimate of the difference u(.
By assumption u(t) satisfies Eq. (1.1) a.e. Therefore we can write the difference for the derivative u (t) in the following form:
. From estimates (3.25) and (3.23) we get
for any ε 1 > 0 and ∆ sufficiently small. Moreover, L 2 (t 0 , T − ∆; D(A)) is continuously embedded in L 2 (t 0 , T − ∆; X) and so it follows
for any ε 2 > 0 and ∆ sufficiently small. By (3.25) it also follows that
for any ε 3 > 0 and ∆ sufficiently small. Hence by the embedding (2.8) and by (2.9) we thus obtain
Consequently,
for any ε > 0 and ∆ sufficiently small, which ends the proof. ✷ Proof of Theorem 1. The statements of Theorem 1 are now a consequence of Propositions 1 and 2. More specifically, let us assume that 0 < h < t 0 t t T , with t 0 and T fixed. Then by estimates (3.3) and (3.32) it follows that for any ε > 0 there is a ∆ > 0 such that
holds for every φ ∈ Z, whenever (t − t) ∆. This shows uniform t-continuity on a closed interval [t 0 , T ] for an arbitrary t 0 > h. Therefore the solution semigroup T (t) is norm continuous at every t > h. ✷
Asymptotic stability
As we have noted in the Introduction, the norm continuity of T (t) for t > h implies that the spectrum of the solution semigroup T (t) can be determined through the location of the spectrum of its infinitesimal generator Λ. In this case we have
Moreover, by (1.5) it follows: if the bound of the real part of the spectrum is s(Λ), The spectrum of Λ can be studied by means of the characteristic operator. This was done in detail by Di Blasio et al. [3] . For instance, if A has a compact resolvent or, more generally, the spectrum of A consists of only point spectrum, then the spectrum of Λ can be determined from solutions of the characteristic equation. We will consider here the case where the infinitesimal generator A has only point spectrum satisfying the assumption
In that case the following characterization of the spectrum of Λ is an immediate consequence of Proposition 5.2 in [3] : If the function a(.) is such that m(0) = 0, then the spectrum of Λ satisfies the relation σ (Λ) = Γ 1 ∪ Γ 0 , where From the characterizations (4.6) and (4.7) of the spectrum of Λ it follows that the stability properties of the solution can be given in terms of the weight function a(.). In that direction we can prove the following result. 
for some M > 0, ω > 0 and all t 0.
Proof. Let ω 0 ∈ (0, α 0 ) be arbitrary, so that ε 0 = ω 0 /α 0 < 1. Furthermore let us define
We will show that under the assumption which implies that (3.10) holds. ✷
